
 

 

 
 

(29)   8.8   Improper Integrals (A) 
 

න ݂ሺݔሻ ݀ݔஶ
 = lim௧→ஶ න ݂ሺݔሻ ݀ݔ௧

  න ݂ሺݔሻ ݔ݀
ିஶ = lim௧→ିஶ න ݂ሺݔሻ ݔ݀

௧  

න ݂ሺݔሻ ݀ݔஶ
ିஶ = න ݂ሺݔሻ ݔ݀

ିஶ + න ݂ሺݔሻ ݀ݔஶ
  

 
   

If f continuous on ሾ ܽ , ܾሻ න ݂ሺݔሻ ݔ݀
 = lim௧→ష න ݂ሺݔሻ ௧ݔ݀

  

If f continuous on ሺ ܽ , ܾሿ න ݂ሺݔሻ ݔ݀
 = lim௧→శ න ݂ሺݔሻ ݔ݀

௧  

 
 

The improper Integrals න ݂ሺݔሻ ݀ݔ
  

Is convergent  if 
  න ݂ሺݔሻ ݀ݔ

 = ܮ ∈ ℛ 

 

The improper Integrals න ݂ሺݔሻ ݀ݔ
  

Is Divergent  if  න ݂ሺݔሻ ݀ݔ
 → ቊ .ܦ∞−∞    ܰ.  ܧ
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Example 2 *       40  August 7 , 2011

 

(4 pts ) Determine whether the following improper integral is convergent or 
divergent , if convergent , find its value න ൬ ଶݔ√1 − 1 − ݔ1 − 1൰ ∞ݔ݀

ଶ  

Solution ܫଵ = න ଶݔ√1 − 1 ݔ ݔ݀ = sec ݔ݀ ߠ = sec ߠ tan ߠ sec ߠ݀ ߠ =   1ݔ

ߠ = secିଵ  ݔ

ଵܫ  = න 1√secଶ ߠ − 1 sec ߠ tan ߠ ߠ݀   = න sec ߠ ߠ݀   = ln|sec ߠ + tan |ߠ + ܿ = ln ቚݔ + ඥݔଶ − 1ቚ + ܿଵ ܫଶ = න ݔ1 − 1 ݔ݀ = ln|ݔ − 1| + ܿଶ ܫଷ = න ൬ ଶݔ√1 − 1 − ݔ1 − 1൰ ݔ݀  = ln ቚݔ + ඥݔଶ − 1ቚ − ln|ݔ − 1| + ܿଷ = ln ቤݔ + ଶݔ√ − ݔ1 − 1 ቤ + ܿଷ 

ܫ = න ൬ ଶݔ√1 − 1 − ݔ1 − 1൰ ∞ݔ݀ 

ଶ = lim௧→ஶ න ൬ ଶݔ√1 − 1 − ݔ1 − 1൰ ௧ݔ݀ 
ଶ = lim௧→ஶ ቈln ቤݔ + ଶݔ√ − ݔ1 − 1 ቤଶ

௧
 

  = lim௧→ஶ ቆln ቤݐ + ଶݐ√ − ݐ1 − 1 ቤ − ln ቤ2 + √4 − 12 − 1 ቤቇ = 2 − ln൫2 + √ 3 ൯ ܫ convergent 

Example 3 *      
55    July 23 , 2011 

Determine if the improper integral න ଶ௫݁ݔ݀ + 9ஶ
  is convergent or 

divergent. Find its value if it is convergent.                                     (4 pts.)

Solution ܫଵ = න 1݁ଶ௫ + 9 ݔ݀  = න ݁ିଶ௫1 + 9݁ିଶ௫ ݑ      Let ݔ݀  =  1 + 9݁ିଶ௫           ݀ݑ = −18݁ିଶ௫݀ݔ           − 118 ݑ݀ = ݁ିଶ௫݀ܫ ݔଵ = − 118 න ݑ1 ݑ݀  = − 118 ln|ݑ| + ܿ = − 118 ln|1 + 9݁ିଶ௫| + ܿ 

ܫ = න ଶ௫݁ݔ݀ + 9ஶ
 = lim௧→ஶ න 1݁ଶ௫ + 9 ௧ݔ݀ 

 = lim௧→ஶ − 118 ln|1 + 9݁ିଶ௫|൨
௧ = − 118 lim௧→ஶሺln|1 + 9݁ିଶ௧| − ln 10ሻ 

   = − 118 ሺln|1 + 0| − ln 10ሻ = 118 ln 10  convergentܫ                                      
 

 

   1  

ݔ ඥݔଶ − 1θ 
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Example  4       Determine if the improper integral න ݁௫√1 + ݁ିଶ௫ ݔ݀
ିஶ  

is convergent or divergent. Find its value if it is convergent.                       

Solution ܫଵ = න ݁௫√1 + ݁ିଶ௫ ݔ݀ = න ݁௫ ∙ ݁௫݁௫√1 + ݁ିଶ௫ ݔ݀ = න ݁ଶ௫√݁ଶ௫ + 1 ݑ       ݐ݁ܮ ݔ݀ = ݁ଶ௫ + ݑ݀                     1 = 2݁ଶ௫ ݀12                ݔ ݑ݀ = ݁ଶ௫ ݀ܫ ݔ = 12 න ݑ݀ ݑ √1 = + ݑ √ ܿ = ඥ ݁ଶ௫ + 1 + ܿ 

ܫ = න ݁௫√1 + ݁ିଶ௫ ݔ݀
ିஶ = lim௧→ିஶ න ݁௫√1 + ݁ିଶ௫ ݔ݀

௧ = lim௧→ିஶ ඥ ݁ଶ௫ + 1 ௧
 = lim௧→ିஶ ቀ√ 2 − ඥ ݁ଶ௧ + 1 ቁ 

    = √ 2 − √ 0 + 1  = √ 2 −  convergent ܫ                                    1
 

Example  5  
Determine if the improper integral න ଶݔ1 + ݔ2 + 5 ଵݔ݀

ିஶ  

is convergent or divergent. Find its value if it is convergent.                       

Solution ݔଶ + ݔ2 + 5 = ሺݔଶ + ݔ2 + 1ሻ + 5 − 1 = ሺݔ + 1ሻଶ + ଵܫ 4 = න ଶݔ1 + ݔ2 + 5 ݔ݀ = න 1ሺݔ + 1ሻଶ + 4 ݔ݀ = 12 tanିଵ ൬ݔ + 12 ൰ + 1 

ܫ = න ଶݔ1 + ݔ2 + 5 ଵݔ݀
ିஶ = lim௧→ିஶ න ଶݔ1 + ݔ2 + 5 ଵݔ݀

௧ = lim௧→ିஶ ൦12 tanିଵ ൬ݔ + 12 ൰൪
௧
ଵ = 12 lim௧→ିஶ 4ߨ − tanିଵ ൬ݐ + 12 ൰൨ 

= 12 ቀ4ߨ − 2ߨ− ቁ = 12 ∙ 4ߨ3 = 8ߨ3  convergent  ܫ                 
 

Example 6         
Determine if the improper integral න ݔ4√1 − ଶݔ ସݔ݀

ଵ  

is convergent or divergent. Find its value if it is convergent.                       

Solution     4ݔ − ଶݔ = 4 − ሺݔଶ − ݔ4 + 4ሻ = 4 − ሺݔ − 2ሻଶ ܫଵ = න ݔ4√1 − ଶݔ ݔ݀ = න 1ඥ4 − ሺݔ − 2ሻଶ ݔ݀ = sinିଵ ൬ݔ − 22 ൰ + ܿ 

ଵܫ = න ݔ4√1 − ଶݔ ସݔ݀
ଵ = lim௧→ସష න ݔ4√1 − ଶݔ ௧ݔ݀

ଵ = lim௧→ସష sinିଵ ൬ݔ − 22 ൰൨ଵ
௧ = lim௧→ସష sinିଵ ൬ݐ − 22 ൰ − sinିଵ ൬− 12൰൨ 

  = sinିଵ 1 + sinିଵ ൬12൰ = 2ߨ + 6ߨ = ߨ3 + 6ߨ = 6ߨ4 = 3ߨ2  convergent  ܫ                       
 



Exa

ଵܫ ൌ න
ଵܫ ൌ න
 

 
 
 

(2

HOS 

ample 7

න 1√ 1 െ 3ݔ ݔ݀
න 1√ 1 െ 3ݔ ݀ଵ


9)   8.8    Im

SSAM   G

7   
D

is

ݔ ൌ නሺ1 െ
ݔ ൌ lim௧→ଵష න௧



mproper Int

GHANEM

Determine 

s converge

ݔሻିଵଷ݀ݔ ൌ
න 1√ 1 െ 3ݔ ௧ݔ݀

 

egrals(A)   

              M

 if the imp

ent or dive

Sെ32 ሺ1 െ ሻݔ
ൌ lim௧→ଵష െ32

ܫ

                  

6516       

proper inte

ergent. Fin

Solutionሻଶଷ 3 ሺ1 െ ሻଶଷ൨ݔ
  convergen

                  

    68855

egral නଵ


nd its valu

n 


௧ ൌ െ 32 lim௧→ଵ
nt 

                  

              

න 1√ 1 െ యݔ
ଵ
ue if it is c

mଵష ሺ1 െ ሻଶଷݐ

                  

 غانم        

ݔ  ݔ݀

convergen

ଶଷ െ 1൨ ൌ െ

P5 

حسام

t.             

32 ሺ0 െ 1ሻ ൌ

          

ൌ 32 



Dete
 conv

1 

2 

3 

4 

5 

6 

7 

8 

 
 

(2

HOS 

ermine wh
vergent or

න 11 െ co
గଶ

න ସݔݔ  1ஶ

න ଷ1ݔ  ஶ଼ݔ
ଵ
න ଶ1ݔ  ஶݔ

න ஶݔ6√ݔݔ݀
ଵ
න ሺ9ஶ ݔ √1
ଷ
න ଷଶݔ1  ݔ

ଵ

න ݁൫ √௫య ൯√ ݔଶ య ݀ଵ


9)   8.8    Im

SSAM   G

hether the f
r divergen

os ݔ  ݔ݀

1  ݔ݀

଼  ݔ݀

  ݔ݀

െݔ 1 

19  ሻݔ  ݔ݀

ଵଶݔ  ݔ݀

 ݔ݀

mproper Int

GHANEM

following 
nt , and fin

 

egrals(A)   

              M

Ho
improper

nd its value

9 න c√ଶ
ଵ

10 න lnଵ


11 න ஶݔ݁


12 න ஶݔ


13 න ଵݔ
ିஶ

14 න ஶݔ
ଶ

15 න ஶݔ
ଵ

16 න ஶݔ


                  

6516       

omewo
r integrals
e if it conv

cschሺln ሻݔ
nሺݔ  ଶሻݔ
௫ݔ݁  ݔ݀

 ݔ௫݀ି݁ݔ

ଶݔ1  ݔ2 
ଶݔ√ݔݔ݀  4
ଶݔ√ݔݔ݀  4

ሺ1ݔ1  ln ݔ

                  

    68855

ork 

vergent 

ሻ  ݔ݀

ሻ  ݔ݀

 5  ݔ݀

ሻଶݔ  ݔ݀

                  

              

17 

18 

19 

20 

21 

22 

23 

24 

                  

 غانم        

න 1  coగ

න ݔ √ݔ   െయ
ଵ

ଵ
න   1√ 1 െయ

ଵ

න √െݔଶ

ଶ

න 1݁௫ ஶ

ିஶ
න 11  ݁ିஶ

න ݁ଶ௫ െஶ

୪୬ ଷ
න lnሺஶ
ଵ

P6 

حسام

1s ݔ  sin ݔ
െ 2  ݔ݀

െ ݔ  ݔ݀

ݔ݀ ݔ4 െ 3
݁ି௫  ݔ݀

ି௫  ݔ݀

݁௫െ 3݁௫  2
ሺ1  ଶݔଶሻݔ ݀

ݔ ݔ݀

 ݔ݀

 ݔ݀



 
Dete
 conv

25 

26 

27 

28 

29 

30 

 
 
 

(2

HOS 

ermine wh
vergent or

න   11 ଵ
ିଵ

න ଷଶݔ
ଵ

න ଵݔ
න ஶݔ
ଶ

න ݔ2√ݔ݀ െଶ


න √3ଶ
ିଷ

9)   8.8    Im

SSAM   G

hether the f
r divergen ݔ య ݔ √ ݔ݀

1ଷଶ  ଵଶݔ ݀
1 ݔ√ ݀
ଶݔ√ݔݔ݀  െݔ4  ଶݔ

െݔ݀ ݔ2 െ

mproper Int

GHANEM

following 
nt , and fin

3 ݔ

3 ݔ݀

3 ݔ

4 3

3

െ ଶ 3ݔ

egrals(A)   

              M

Ho
improper

nd its value

31 

 

32 

33 නஶ


34 නି
35 

 

33 න ݁ஶ
ିஶ

                  

6516       

omewo
r integrals
e if it convන ଷݔ3√1

ଵ
න ݁ି√ஶ
නሺ5 െ ሻஶݔ

න ݁௫√1 
ஶන ݁ି௫݁௫ ஶ

 1݁௫  ݁ି௫

                  

    68855

ork 

vergent 1െ ଶݔ ݔ݀
√௫݀ݔ 

ሻ݁ିଶ௫݀ݔ
௫݁ ିଶ௫ ݔ݀
௫ 1  ݔ݀

௫  ݔ݀

                  

              

 37 ݔ

38 

 39 ݔ

 40 ݔ

41 

42 

                  

 غانم        

නሺln ଶݔ


න ଵݔ
න lnଵ

 නஶ
ଵ

න ln ଵ ݔ √ݔ

න ሺlnଵݔ


P7 

حسام

 ݔሻଶ݀ݔ

ݔ ln ݔ ݔ݀
nሺݔ௫ሻ ݔ݀
ln ଶݔݔ ஶݔ݀

ݔ  ݔ݀

1nଶ ݔ  4

 ݔ

 ݔ

ሻ ݔ݀


